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Abstract 

We argue that dark radiation is naturally generated from the decay of the overall volume 
modulus in the LARGE volume scenario. We consider both sequestered and non-sequestered 
cases, and find that the axionic superpartner of the modulus is produced by the modulus decay 
and it can account for the dark radiation suggested by the observation, while the modulus decay 
through the Giudice-Masiero term gives the dominant contribution to the total decay rate. In 
the sequestered case, the lightest super symmetric particles produced by the modulus decay can 
naturally account for the observed dark matter density. In the non-sequestered case, on the 
other hand, the super symmetric particles are not produced by the modulus decay, since the soft 
masses are of order the heavy gravitino mass. The QCD axion will then be a plausible dark 
matter candidate. 
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I. INTRODUCTION 



In superstring theories, moduli fields necessarily appear at low energies through com- 
pactifications. Supersymmetric compactifications, e.g., on a Calabi-Yau (CY) space 
naturally lead to massless moduli and their axionic superpartners at the perturbative level 
because of the remnant of higher dimensional gauge symmetry: 

-^moduli ^ -^moduli ~t~ (1) 

where a is a real transformation parameter. 

Most of these moduli must be stabilized in order to get a sensible low-energy the- 
ory, since the moduli determine all the physically relevant quantities such as the size of 
the extra dimensions, physical coupling constants, and even the supersymmetry (SUSY) 
breaking scale. To this end, closed string flux backgrounds in extra dimensions, i.e. flux 
compact ificat ions , are powerful tools to fix many moduli simultaneously. Most 
of the remaining moduli which are not stabilized by the fluxes can become massive by 



instantons/gaugino condensations like in the KKLT model J4]. 

Some of the moduli, however, may remain light, and they will play an important 
role in cosmology. Indeed, in many string models, there are often ultralight axions due 
to the above shift symmetry js _ 2|, even when all the other moduli get masses; unless 
the symmetry is broken by an appropriate non-perturbative effects generated in the low 
energy, those string theoretic axions stay massless. Furthermore, their real component 
partners tend to remain relatively light 1 . Although it certainly depends on the details 
of the model such as the properties of compact geometry and brane configurations, the 
presence of such light moduli and ultralight axions may be a natural outcome of the string 
theories. 2 

Let us focus on the lightest modulus and consider its impact on cosmology. Since 



1 Because such moduli can be stabilized through the SUSY-brcaking effect, their masses are comparable 
to or much lighter than the gravitino mass. 

2 Here and in what follows, we often call the real component of T mo duii the modulus, while the axion 
refers to its imaginary component in the same multiplct. 
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the modulus is light, it is likely deviated from the low-energy minimum during inflation. 
After inflation, the modulus starts to oscillate about the potential minimum with a large 
amplitude, and dominates the energy density of the Universe. 3 If its mass is of order the 
weak scale, it typically decays during the big bang nucleosynthesis (BBN), thus altering 
the light element abundances in contradiction with observations. This is the notorious 
cosmological moduli problem 8]. 

If the modulus mass is heavier than O(10) TeV, on the other hand, it decays before 
BBN, and the cosmological moduli problem will be greatly relaxed. Such high-scale 



SUSY breaking is also suggested from the recently discovered standard-model-like Higgs 

9), [k]] . The cosmology of such 
instance, it was pointed out in Refs. 



boson 9), [lo|. The cosmology of such moduli crucially depends on its decay modes. For 



11 



13| that the modulus generically decays into 
gravitinos with a sizable branching fraction if kinematically allowed, and those gravitinos 
produce lightest SUSY particles (LSPs), whose abundance easily exceeds the observed 
dark matter (DM) density. Importantly, it was recently found by Kamada and the present 



authors in Ref. 



14j that the modulus decays into a pair of its axionic superpartners in a 



context of the (moderately) LARGE volume scenario 15|], and the produced axions will 
behave as extra radiation since the axions are effectively massless. 

The presence of such additional relativistic particles increases the expansion rate of 
the Universe, which affects the cosmic microwave background (CMB) as well as the BBN 
yield of light elements, especially 4 He and D. The amount of the relativistic particles 
is expressed in terms of the effective number of light fermion species, N e g, and it is 
given by N c q « 3(3.046) before(after) the electron-positron annihilation in the standard 
cosmology. Interestingly, there is accumulating evidence for the existence of additional 
relativistic degrees of freedom coined "dark radiation" . The latest analysis using the CMB 
data (WMAP7 16] and SPT Q) has given N cS = 3.86 ± 0.42 (la C.L.) fl Other 



recent analyses can be found in Refs. Q-122! • The 4 He mass fraction Y p is sensitive to the 



expansion rate of the Universe during the BBN epoch, although it has somewhat checkered 



3 This is the case even if the Hubble parameter during inflation is smaller than the modulus mass, as 
long as the inflaton mass is heavier than the modulus 14 1. 
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history since it is very difficult to estimate systematic errors for deriving the primordial 



abundance from 4 He observations 



24f. Nevertheless, it is interesting that an excess of 



Y p at the 2a level, Y p = 0.2565 ± 0.0010 (stat) ± 0.0050 (syst), was reported in Ref. [25] 



which can be understood in terms of the effective number of neutrinos, N c g = 3.68^q7q 
(2a). Interestingly, it was recently pointed out that the observed deuterium abundance 
D/H also favors the presence of extra radiation H]- N c g = 3.90 ± 0.44 (la), was 
derived from the CMB and D/H data j^j. It is intriguing that the CMB data as well as 
the Helium and Deuterium abundance favor the presence of dark radiation, AiV c fj ~ 1, 
while they are sensitive to the expansion rate of the Universe at vastly different times. 



In this paper, we consider both sequesterec 
volume scenario (LVS) in the singular regime 



and non-sequestered models of LARGE 



28 



as concrete examples. In both cases, 



the overall volume modulus decays into a pair of axions, which can account for the dark 



radiation suggested by recent observations mentioned above. (See e.g. Refs. [29l434| for 
other models.) Hence, the generation of the dark radiation from the modulus decay is a 
natural and robust prediction in the LVS models. In order to estimate the dark radiation 
abundance, we study the various decay modes of the overall volume modulus, and find 



that the decay through the Giudice-Masiero (GM) term 35| gives a dominant contribution 



to the total decay rate, while the other decay modes such as the one into (transverse) 



gauge bosons as well as t 
the Yukawa couplings 



die three-body decays into one scalar plus two fermions through 
are suppressed. In the sequestered LVS, we will show that the 
LSPs produced by the modulus decay can naturally explain the observed DM abundance. 
In the non-sequestered case, the QCD axion is a plausible candidate for DM. 

The rest of this paper is organized as follows. In Sec. [Til we give a sketch of the 
modulus decay in LVS with an approximate no-scale structure. In Sec. Ill II we consider 
the sequestered LVS and estimate the abundance of dark radiation and dark matter in 
detail. We study the case of non-sequestered LVS in Sec. [TV] The last section is devoted 
to discussion and conclusions. 
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II. PRELIMINARIES 



Before proceeding to the realistic set-up, let us here summarize its important implica- 
tions, which can be easily understood as follows. In the following we adopt the Planck 
unit: M p i ~ 2.4 x 10 18 GeV = 1. 

The salient feature of the sequestered LVS model is an approximate no-scale structure 
of the lightest modulus T which develops exponentially large vacuum expectation value 
(VEV); we consider the following Kahler and super-potentials and a constant gauge kinetic 
function as a low-energy effective theory, 

K = -3 log T + T^ -^i^\Q i \ 2 + (zH u H d + h.c.)\ + O (^j , 

= -3 lo g (T + Tt) + £ JWj + + h.c.) + • • • , (2) 

W = const. + W m&tter (Qi), (3) 
/ = const. (4) 

where Qi collectively denotes the matter fields including the Higgs field, and z = 0(1) 
is a numerical coefficient of the Giudice-Masiero (GM) term. Note that the correction to 
the no-scale structure is of order the inverse of the large volume of the extra dimension 
V ~ (T + T^) 3 / 2 ^> 1, which contains the effect of heavier moduli as well as 0(a' 3 ) 
corrections. Because of the large VEV of T, the no-scale structure is protected from any 
corrections, especially from those violating the shift symmetry T — > T + i ■ (const). Thus, 
the axion o = Im(T) is effectively massless. 



141 ]. the modulus r = Re(T) decays into a pair of axions through its 



As shown in Ref. 
kinetic term: 

C D -Ktt dT^dT D ^=(<9cx) 2 . (5) 

V6 

Here 5f and a are the canonically normalized modulus and axion expanded around its 
VEV, respectively. The decay rate for this process is not suppressed by the volume, and 
therefore the axion production will be an important decay process of the modulus. Similar 
process has been studied in the context of the non-thermal production of QCD axions 



5 



from the saxion decay as an explanation of dark radiation [29|, |33j, |34 |. 

In addition to the decay into axions, the modulus r decays mainly into the Higgs 
boson through the GM term. This can be understood as follows. The no-scale structure 
is unchanged up to an accuracy of our interest, even if we redefine the modulus as 

T' = T- l -zH u H d . (6) 

Then the kinetic term of T' contains a derivative coupling between T and H u Hd as 

C D -K T , fl dT'^dT' D -^={d 2 5r)H u H d + h.c. (7) 

V6 

Here H u ,d are the canonically normalized Higgses and we have performed integration by 
parts. One can see that the decay rate into Higgs bosons is comparable to that into axions. 
This is also expected to some extent because both arise from the kinetic term of T (or 
T'). It is also clear from this argument that the decay into Higgsino should be suppressed 
compared to that into Higgs bosons: In terms of T", there is no H u Hd dependence in 
the no-scale model, and so, the higgsino bilinear term should appear only from F T ' when 
expressed in terms of T and H u Hd- However, since the scalar potential vanishes because 
of the no-scale structure, no Higgs bilinear term appears at the leading order, and the 
higgsino mass as well as the modulus coupling to the Higgs bilinear should be suppressed. 

The other decay modes of the modulus can be most easily understood in terms of the 
mixing with the conformal compensator field <3>, whose interactions are given by 

C = Jd 4 6&$ (-3e~ K/3 ) + J d 2 9$ 3 W + h.c, (8) 

where we consider the flat gravitational background. One can see from (j2]) that T is mixed 
with $, and that the dependence of the compensator disappears in the scale invariant part 
of the interactions by an appropriate rescaling, Qj$ — > Qi. For instance, there will be no $ 
dependence in the Yukawa coupling (and also gauge interaction) after the rescaling. This 
explains why the three-body of r into one scalar plus two fermions through the Yukawa 



coupling is suppressed [38|. In a similar way, the decay into gauge bosons is suppressed 



at tree level. In addition, we may ascribe the reason why the modulus r decays into 
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Higgs bosons at an unsuppressed rate to the fact that the GM term cannot absorb the 
compensator because of its holomorphic structure. 

On the other hand, as mentioned above, the higgsino mass fi vanishes because contri- 
butions of order OiV 1 ) are canceled in the no-scale limit. Since the no-scale structure is 
broken at the next order in the volume expansion, non-zero /i-parameter arises at order 
0(V~ 2 ). Furthermore, since the scale invariance is violated at the quantum level, the 
modulus should be able to decay into (transverse) gauge bosons through the supercon- 
formal anomaly [stJ. Similar ar gum ent was used to understand the gravitino production 
from the inflaton decay in Refs. 38 4o| . Finally, note that the anomaly mediation 41] is 
sub-dominant effect because of the approximate no-scale structure. 

So far, we have assumed the low-energy effective theory of the sequestered LVS. In 
the case of non-sequestered LVS, on the other hand, some of the features outlined above 
do not apply. As we shall see, however, since the soft masses are much heavier than the 
overall volume modulus in this case, the relevant decay modes are limited to those into 
the light higgs, longitudinal modes of ZZ and WW (the Nambu-Goldstone (NG) modes 
in the two Higgs multiplets) and axions, which greatly simplifies the argument. 



III. THE SEQUESTERED LVS 



Here let us study moduli stabilization in a local model with visible branes sitting on 
within the type IIB orientifold compactifications. The branes on the 



a singularity 
singularity 

see e.g 
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ead to a chiral theory with anomalous U(l) symmetries. (For model building, 
42|.) In the following we will show explicitly that the dark radiation composed 
of ultralight axions can be generated from the lightest modulus decay. In addition, the 
right amount of neutralino dark matter can be produced by the decay. 
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We consider the following Kahler potential and superpotentials 4 : 

K = - l0g(5 + S T ) - 2 log I V H J H h Amatter, (9) 

V = rf /2 - r 3 3/2 , K mattcv = Z\Q\ 2 + Z GM H u H d + h.c, (10) 
W = W aux + Ae~ aT:i + W M ssm(Q), (11) 

U,a=^-(S + K a T 2 ). (12) 

Here S — l/g s + iC RR is the string dilaton which is to be stabilized by W^do Ti = Ti + 
ioi ii = 1, 2, 3) are Kahler moduli and Vu(i) denotes the anomalous U(l) multiplet on the 
branes sitting at the singularity. 5qs is a coefficient related with anomaly cancellation via 
the Green-Schwarz mechanism by the shift of T 2 under the anomalous U(l). For instance, 
5qs is given by the mixed anomaly between U(l) and G a in the MSSM gauge group, 
K a 5 G s = EiH^( T !(^i))/^ = 0(1/2tt), where Tr(T^Q t )) is the dynkin index of {Qi} 
which have charge under U(l). £ is given by a relation f = -x(CY)C(3)/(4v / 2(2tt}3) 
coming from 0(a' 3 ) correction ~ j lQ dim 1Z A and the consequent dilaton gradient 431 ] . 
and we will assume x < 0. Wkux: which does not depend on the Kahler moduli, arises 
from closed string fluxes and the VEV is assumed to be of (9(1), and hence this model 
will be natural from the view point of flux vacua landscape 44j. The non-perturbative 
term originates from, e.g., the instanton brane (0(1) E3-instanton) 45[ or 50(8) gaugino 
condensation in the pure super Yang-Mills (SYM) sector on a stack of four D7-branes 
sitting on the top of an orientifold plane for RR-tadpole cancellation 5 . Then one finds 
a = 2tx for 0(1) instanton or tt/3 for pure SO (8) SYM while A is expected to be of order 
unity. Here we have assumed that the cycle related with T 3 modulus is a rigid one, where 
the adjoint fields, i.e. open string moduli, are absent. 

For the matter sector, we consider the minimal supersymmetric Standard Model 



4 We have neglected complex structure moduli dependence in the model for simplicity since they are 
irrelevant in this paper. 
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Note that the definition of th e gauge coupling modulus on an orientifolded singularity receives a 



quantum correction discussed in 46l-l48j. However, the redefinition of T3 is irrelevant and hence we will 
not consider the correction here. 
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(MSSM) localized on the singularity whose "volume" is described by T2. The coeffi- 
cient K a in the gauge coupling depends on the structure of the singularity and that of the 
dilaton in the gauge coupling is set to be unity for simplicity. Z is the matter Kahler 
metric and we have introduced Giudice-Masiero (GM) term Zqm- The latter GM term is 
very important not only for generation of the higgsino mass but also for obtaining a right 
amount of dark radiation. 



A. The moduli stabilization 



We then find the (meta-)stable vacuum in the the scalar potential 



V 



A' 



DW\ 



1 



3\W\ 2 } +-D 2 + V, 



uplift 



through the moduli stabilization: 

£2/3 



(rs) 



9s 



(t 2 ) = 0. 



(13) 



(14) 



4J and T\ is fixed by the SUSY-breaking 



Here T3 is stabilized a la KKLT with F T3 ~ 
effect as a result of the competition between £ and non-perturbative terms, while T 2 is 
done via the D-flat SUSY condition, Du(i) ~ 9t 2 K = and it is then eaten by the Vjj{i) 
gauge multiplet. Note that axions except for o\ will be stabilized at the origin, while 
<7i remains massless. For the visible coupling, the dilaton can be stabilized as (S) ~ 24 
(in the MSSM with TeV scale soft masses). Here the uplifting potential, e^. originating 
from the sequestered anti-D3-brane on the tip of the warped throat 49|, |50( , is required 
to obtain the de Sitter/Minkowski vacuum 

1 



1; 



uplift 



ee 



2-A moduli /3 



where e 



(15) 



V 4 / 3 ' log(V)V 5 / 3 ' 
The factor of e is the minimum of the warp factor. For an uplifting potential, a dynamical 



SUSY breaking model is also possible 



511 ] . (See also |52|.) In order to realize the SUSY- 



breaking soft mass of order TeV or so, we will consider the case 



V ~ C(10 7 ) 



(16) 
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by choosing a proper manifold such as the value of £ oc — x(CY). 

One can express the moduli fields in terms of the mass eigenstates (5<j), 8a) as follows 



53j: 



/ 6tx \ 

5t 3 
W/9s)J 

Sa 2 
5 a 3 
\5C™J 



( V 2/3 \ 


"T.3/2 



5a\ 



( \ 



V o J 

( o \ 

v 1 / 2 



. o . 



+ 



5a? 



5a? 



5a x 



(18) 



/v 2/3 \ 




V o / 

Note that 5t 2 and 5a 2 do not mix with the other fields because of r 2 = and is 
decoupled from the MSSM sector localized on the T 2 -cycle. Then, one obtains 



/yV6\ 


V 1 / 2 

Vv-y 

o 

v 1 / 2 

vv-y 



+ 



/ v 1 / 6 \ 



v- 1 ' 2 

\0(1)J 
( o \ 





(17) 



™3/2 



,k/2 W 



m s 



1 

V 



The resultant SUSY-breaking F-terms are given by 



3,^3 



log(V) 
V 



(19) 
(20) 



F Tl 1 
2n V 



O 



log(V)V 



F Ta oc r 2 = 0, 



2r 3 log(V)V 



(21) 



In addition to these, the non-zero F s is obtained and will be expected to be 



S + S^ 



1 

V 



1 



(22) 
(23) 



log(V)V 2 

due to the ^-dependent SUSY-breaking term. This is because it is expected that 
without the a'-correction £, the dilaton would be stabilized supersymmetrically, i.e., 
—W/(S + Sft) + dsWfi ux = in the supersymmetric flux backgrounds. In addition, there 
would be a small cancellation in the vacuum value of F s , although this depends on the 
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choice of the fluxes. Hence, 1/ log(V) = 0(0.1) implies such small cancellation. Note that 
the compensator F-term is similarly suppressed 

O TV" -| 

= m s/2 + — F 1 . (24) 

3/2 3 log(V)V 2 K ' 

Hence, because of the no-scale structure, the anomaly mediation has only sub-dominant 
effects on the soft masses, and its size is suppressed by a loop factor compared to the 
modulus mediation. 

Finally, we would like to give a comment on possible corrections to the axion mass. 
Even if there is an instanton correction wrapping on the big cycle, 5K ~ A;(T 1 +T 1 t ) e - 2wTl + 
h.c. or 5W = At,e~ 2nTl , the following discussion will not change due to the large volume 
of extra dimension: 

5m ai ~ e - 2 - v2/3 „ l(T lo5 eV < O.leV. (25) 

Thus, the presence of the ultralight axion is plausible and hence the axion becomes dark 
radiation as seen below. 



B. Matter sector and soft SUSY breaking parameters 

Next, let us estimate the soft SUSY-breaking terms in the visible sector on the singular 
T2-cycle. The gaugino masses are given by the dilaton F-term: 

M 1/2 ~ ^ ~ i^i^. (26) 

Hence the other soft-SUSY breaking terms are expected to appear (at least) at this order; 
this implies that the locality of the local sector is broken down at this order in the large 
volume expansion. 

With respect to A-terms and scalar masses, the precise information of Z is required. 
Though the correct metric is unknown, it is expected that the locality of the local brane 



sector enables us to calculate the soft masses 



2s 



Once one requires that local Yukawa 



couplings are dependent just on the local modulus at the leading order of perturbation 
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by string coupling or by a'-correction 54] 

g^moduli/ 2 ^ Y 



one finds 



y{i~i) + (tiny corrections), (27) 



Z ~ e ^ moduli/3 or Z ~ — . (28) 

Here tiny corrections, which would be of 0(V~ 2 ) at least, can include Kahler moduli other 
than T2. 

Suppose that there is an approximate shift symmetry in the Higgs sector, H u d — > 



H u ,d + i ' (const.), which might come from the higher dimensional gauge fields 55]. If this 
symmetry exactly holds, the Kahler potential in the Higgs sector is given by 

i^mggs = Z\H U + H\\ 2 + 0(\H u + #]| 4 ), (29) 

implementing Z = Zqm- Thus one can write the GM term as 

Z GM ~ze K ™^ 3 or Z GM ~-. (30) 

Here z is a constant and therefore z—1 represents a possible breaking of the shift symmetry 
by the compactification. Alternatively, it is possible to change the effective value of z 
without violation of the shift symmetry. Let us extend the Higgs sector and introduce n 
additional pairs of the Higgs doublets (H' u , H' d ) which satisfy the shift symmetry. Namely, 
all the Higgs doublets are assumed to have exactly the same interaction in ( 1301) with z 



In string compactifications, such an extended Higgs sector can be naturally realized [56]. 
Then, the decay rate into these Higgs bosons will be enhanced by a factor of (1 + n), 
which effectively corresponds to the case of z — \/l + n. As we shall see later, the right 
amount of dark radiation and dark matter can be generated for z ~ 1.5 ± 0.3, which can 
be nicely explained if n — 1 or 2. 

In the similar way to the Yukawa coupling, when one demands that a n(> 3)-point 
coupling in the superpotential is dependent just on the local modulus, the cutoff scale is 



found as 



46 



48] 



M cutoff ~ v^Mp! ~ ^L. (31) 
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Next, with the above Kahler potential we can read the remaining soft masses 

11 

n - ln ~ log(V)V 2 " V*' (32) 

m ° ~ (m^) " ^ (33) 

" ~ M^' (34) 

1 \ Z 



What is important is that soft scalar mass can be suppressed compared to the lightest 
modulus mass: 

m < m T , ~ — . . (36) 

~ 1 v4oi(V)V 3 / 2 1 ' 

For the concreteness, we will take 

m ~ 4 = ( 1Q3 - 10 4 )GeV, (37) 

and then 

M 1/2 ~ A ~ = O(10 2 - 10 3 )GeV, (38) 

^bgT^ = o(1 ° 2 - 103)GeV ' (39) 

Bfj, ~ zml ~ = C(10 6 - 10 8 )GeV 2 . (40) 

for evading LHC constraint and for obtaining the correct Higgs mass ~ 125 GeV. For the 
moduli sector one will find then 



mfr = O(10 6 - 10 7 )GeV, m^ a2 = C(10 15 )GeV, m^ a3 = C(10 12 )GeV, (41) 
m 3/2 = C(10 10 - 10 n )GeV. (42) 

Note that the decay of lightest modulus to the gravitinos will be kinematically forbidden. 
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C. Decay modes of the lightest modulus: Generation of dark radiation 



We will consider the decay mode of the lightest modulus 5<j)i, assuming that the coher- 
ent oscillation of the lightest modulus 8(j)\ is induced after inflation and the energy density 
of the modulus dominates the Universe some time after reheating but before the modulus 
decay. The Hubble scale during inflation should satisfy H in { < for evading a problem 
of run-away and decompactification. Note that the cosmological moduli problem is not 
solved even for such low-scale inflation, if the inflaton mass is larger than the modulus 
mass (See also discussion on moduli problem in Sec. Ill B of fl^). 

For the SUSY breaking parameters given in the previous subsection (especially m < 
m^J, there are two main decay modes, 5(j)\ — > H u Hd and 5(j)\ — > 2a\. The interaction of 
the modulus to Higgs arises from the GM term: 

£ - S^i^k) + hc - 3 vkf SM + hx ) (43) 

where H u and Hd are canonically normalized up- and down-type Higgs bosons. The 
partial decay rate for the modulus decay into Higgs bosons is given by 

TfSfa H u H d ) ~ — % (44) 

\v\ u d> 487rM 2 v > 

On the other hand, the coupling of the modulus to the axions arises from the kinetic 
term Q, 

£ D -3—5^8^8^. (45) 
V6M pl 

The partial decay rate for the modulus decay into axions is 

o 

1 771/ 

Therefore the total decay rate is approximately given by 

IV ~ H u H d ) + T(5<p 1 2a x ) (47) 

2z 2 + 1 



48tt M p 2 ! 



(48) 
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and the branching fraction to the axions is given by 

B a = 5(50! -+ 2a0 ~ (49) 

It should be emphasized, the branching fraction is generically of order 0(0.1) for z = 0(1). 
Thus, the presence of dark radiation is a robust prediction of this scenario. 

Taking account of the axion production, the decay temperature of the modulus is 
estimated as 



i 



90 



1/4 



r d ~(i-B.)il^-^J aAVM p1 (50) 

Thus, using the expression of AN c q in terms of B a and Td given in Appendix 0, one 
obtains 

43 / 10.75 \* 
^ 773 >< ■ (52) 



W \g*{T t 

If we substitute z = 1.2 and g*(Td) = 80, we obtain AN e g ~ 1.1. 

In Fig. [TJ we show the contours of the additional effective number of neutrinos, AN c g 
and the modulus decay temperature, Td in the plane of the modulus mass (m$) and the 
coefficient of the GM term (z). Since the relativistic degrees of freedom g* sensitively 
depends on the decay temperature j^], we have taken into account of the dependence, 
solving Eq. (1721) numerically by iteration. We can see that z ~ 1.5 ±0.3 is needed in order 
to account for the dark radiation with AN e & ~ 1. 



1. The decay rate into another Standard Model particles: Sub-dominant decay rate 



Here we would like to give a comment on the decay rate of the lightest modulus from 



the point view of no-scale model with the conformal compensator. The decay o 



38 



>i can 



40j. The 



be understood in terms of the mixing with the compensator field. See Refs. 
decay into two scalars, Qi and Q\, can be easily seen to be suppressed by the soft mass. 



One may expect that such suppression can be avoided if one attaches a Yukawa coupling 



15 




10 



10° 10' 
Jfhp [GeVJ 



10 c 




10" 10' 
nicj, [GeVJ 



FIG. 1: Contours of the additional effective number of neutrinos, AiV c ff, the modulus decay tem- 
perature, Trf in the plane of the lightest modulus mass (m^) and the coefficient of the GM term 
z. Here the higgsino mass is given by the relation fi ~ ^^^(m^/Mpi) 1 / 3 « j|g (m^/Mpi) 1 / 3 
in the above two figures. 

to one of the external line of the scalars, so that the moduli decays into one scalar (stop) 
and two fermions (higgsino and top), instead of the two scalars. This would be actually 
the case for a generic form of the Kahler potential, however, for the Kahler potential of 



38j. This is because the Yukawa 



the no-scale structure, such decay is also suppressed 
coupling is dimensionless, and therefore the compensator field does not couple at the tree 
level. 

In a similar fashion, we can understand why the moduli decay into gauge sector is 
suppressed at tree level. This is because the gauge interaction is scale invariant at the 
classical level. Of course, at the quantum level, the scale invariance is violated, and this 
is nothing but the superconformal anomaly 37] : 

1 _ K 



g2(E) =Re ^ 1 16tt 2 
D b a x C(10" 2 ) : 



log (, 

Hi 



^ -^"moduli/3 



) + 



pi 



(53) 
(54) 



Thus one reads the modulus coupling to the gauge boson at the quantum level. Here we 
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omitted the correction from usual running and the matter Kahler potential which is pro- 
portional to log(e~ Kmoduii ' 3 Z) since in the local (no-scale) model this term becomes irrele- 
vant. b a = — 3T g + T r = (—3, 1, 33/5) is the beta function coefficient of the SU(3), SU(2) 
and U(l) gauge group respectively, T g and T r are the Dynkin index of the adjoint repre- 
sentation and matter fields in the representation r, which are normalized to N for SU(N) 
and 1/2 for its fundamentals, respectively Hence the modulus (compensator) is coupled 
also to the Yukawa coupling at the quantum level through the running from the cutoff 
scale M pl /V 1/3 , too. 

The decay rate of 5(f>i into a pair of (transverse) gauge bosons is given by 6 

where N g = (8, 3, 1) is the number of the gauge bosons of the corresponding gauge sym- 
metry SU(3), SU{2) and U(l) in the MSSM respectively, and a = g 2 /^ denotes the 
gauge coupling. Hence this is a sub-dominant fraction of the modulus decay rate. 

2. SUSY particle production rate: Generation of neutralino dark matter 

Since the lightest moduli is stabilized in a non-supersymmetric fashion, the decay into 
gauginos and higgsinos is suppressed compared to that into gauge bosons and Higgs 7 . 
Through the couplings 

£ D ^50iAA + ^Sfahh, (56) 

one finds that the branching fraction into gauginos and higgsinos is suppressed by the 
volume, ~ (/i/m^) 2 ~ {My^/m^) 2 ~ 1/V ~ 1(T 7 . 

There are additional contributions of the same order or slightly larger, which do not 
depend on the /x-term or gaugino mass. For instance, we may consider a diagram of 



Note that a half of the decay rate given in Refs. [39|, |4Cj comes from the decay into gauginos, which is 



suppressed in our case, and that the canonical normalization was assumed. To summarize, the decay 



rate can be obtained by multiplying the rate in Eq. (28) of Ref. [40( with l/(2K T f) 



7 This is not the case in the geometric regime where the gauge kinetic function depends on the another 



type of Kahler modulus which mixes with the overall volume modulus [1J] . 
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the modulus decaying into a pair of gluons with one of the gluons splitting into squark 
and anti-squark. The rate of the diagram is considered to be suppressed by a factor of 
O(10~ 2 ) compared to (I55jl due to the phase space factor of three-body decay and the 
gauge coupling of the strong interaction. This gives the branching fraction of the squark 
production of order 10~ 6 . 

Actually, however, the main source for the SUSY particle production comes from the 
following processes. The heavy Higgs bosons produced from the modulus decay will decay 
into Higgsino and Wino/Bino, if kinematically allowed. (This is the case for the adopted 
mass spectra ( 1371) . ( |38i) and (1391).) The branching fraction of this process will be of 0(0.1). 
Even if this decay modes are kinematically forbidden, an electroweak correction to the 
main decay mode, 5<pi — > 2 Higgs bosons will give a branching fraction of order 10 -3 . In 
fact, as we shall see below, the dark matter abundance does not depend on the precise 
value of the branching fraction, and our results are valid for the branching fraction greater 
than about 10 -5 . 

The non-thermally produced LSPs will contribute to the dark matter abundance, if the 
R-parity is conserved. For the parameters of our interest, the produced LSPs annihilate 
effectively, and the final LSP abundance is given by 

n x (j8*^ {av) Y\ (57) 



where n x denotes the number density of the LSP, and (av) is the thermally averaged 
annihilation. In terms of the density parameter, it is given by 

Thus, it is possible to account for the observed DM density by the LSPs non-thermally 
produced by the modulus decay, if the annihilation cross section is relatively large as in 
the case of the Wino-like LSP. 

We have shown in Fig. [2] the contours of the DM abundance as a function of and 
z. Here we have assumed the Wino-like LSP with the mass = l/(log(V)V 2 ). The 
branching fraction of the SUSY particle production is set to be 0.1 in this figure, although 
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the results is insensitive to the precise value of the branching fraction, because the final 
abundance is determined by the annihilation (see ( 1581) ). We have numerically confirmed 
that our results remain almost intact for the branching fraction between 10 -5 and 0.1. We 
can see from the figure that the oh 8 e r ved DM density, ^ = 0.1126 ± 0.036 Q, can 
be explained for = 6 x 10 6 GeV — 10 7 GeV and the Wino mass = 300 — 1000 GeV. 
Interestingly, if we require the right amount of dark radiation AN e g ~ 1, which is realized 
for z ~ 1.5, the Wino mass should be around 500 GeV. 

It is interesting that AN c s and the Wino mass are related to each other when we 
impose Q x h 2 ~ 0.11. In order to see how the relation changes, we have examined several 
cases of the Wino mass dependence on V. See Fig. [3j We can see that AiV eff decreases 
with respect to the Wino mass. This can be understood as follows. Since we impose 
Q x h 2 ~ 0.11, the decay temperature and so z needs to increase as the Wino mass, which 
in turn reduces the branching fraction of the axion production, thereby decreasing AN e g. 
In particular, if we adopt e.g. = 1/(2 V 2 ), the dark radiation abundance tends to be 
small, AiV cff < 0.3. We have numerically checked that the LSP abundance tends to be 
too large if the LSP is the Higgsino-like neutralino. 



IV. THE NON-SEQUESTERED LVS 

In this section, we will study the non-sequestered LVS, where the breakdown of no-scale 
structure in the visible sector is induced by the quantum effect and hence the soft terms 
become comparable to or smaller than the gravitino mass. Such loop corrections will be 
obtained when the visible branes are sitting on an orientifolded singularity 
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and 
| is not 

negligible in LVS. (See also (59)] for the discussion of 1-loop Kahler potential of moduli.) 
If we require the SUSY breaking at TeV - PeV in the visible sector, the volume V should 
be about 10 12-15 , and so, 5(pi has a mass lighter than ~ 1 GeV. Thus, the cosmological 
moduli problem revives. In order to avoid the serious moduli problem, we assume that 
the soft masses are at an intermediate scale so that the lightest modulus decays before 
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FIG. 2: Contours of the non-thermally produced Wino dark matter abundance, Q x /i 2 = 
0.01,0.03,0.1,0.5 and 1 (solid (blue) lines) and the Wino mass, m w = 200,300,500,700, and 
1000 GeV (dashed (red) lines), in the plane of the modulus mass (m^) and the coefficient of the 
GM term (z). The relation = l/(log(V)V 2 ) is assumed. Here recall that /i ~ zrriy^. 



BBN. 

Let us study the model in more detail. The effective model is given as Eq.(j9]), ( 1T0 
(ITT]) and ( TT2"|) . being replaced with redefined moduli f 2 and f 3 



Ti = n 



-«i log(V), 



on = 0\ 



{I) ^ = 2 ' 3 )- ^ 
This is because moduli Ti corresponds to the inverse of the gauge coupling An/g 2 , which 
will start to run not from the winding scale Mpi/V 1 / 3 but from the string scale M p \/V 1 ^ 2 = 
O(10 14 — 10 15 ) GeV which will be the cutoff scale on the orientifolded singularity when the 

nn 

RR-tadpole of the visible branes is cancelled there |46|, |47J. Note that this replacement 
should be done just in the Kahler potential and we have assumed that there are no D- 
branes and orientifold planes in the big-cycle T\ and gaugino condensation arises from the 
50(8) pure SYM sector in r 3 -cycle. 

Now the Vu(i) becomes massive, so through dy u{1) K = up to the gauge kinetic term 
and matter contribution, one can solve the equation of motion of heavy Vu(i), which eats 
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FIG. 3: The relations between AA^g and the Wino mass are shown for the following 
four cases: (1) m w = l/(log(V)V 2 ), (2) m w = 0.1/(V 2 ), (3) m w = 0.3/(V 2 ), and (4) m, 
0.5/(V 2 ). The right DM abundance, Q, x h? ~ 0.11, is imposed. 



T 2 again: 



^/(i) + 7^ = ^iog(v) + o(iQi 2 : 

OGS <J "GS 



(60) 



One reads the SUSY-breaking order parameters from the above expression: 



pT 2 



F 1 
a 2 — 

2n 



"2^3/2, 



9a D U(1) 



a 2 



5, 



OS 



2ri 



0{m% 2 ). 



(61) 



Here we have used Sqs ~ «2 = C?(l/27r). Then other moduli Ti and T3 are stabilized 



similarly to the sequestered case so long as aa 2 < 3 
(meta-)stable minimum, i.e. m 2 ^ < 0. 
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Otherwise, one obtains no 



The matter Kahler metric including GM-term will be given by 

„ Z GM y{T 2 ) A 1 1 r \r 

Z = = , t 2 = t 2 - -f3 2 log(V) + 5 GS V U{1) , 

Z T\ 3 



(62) 



where y{r 2 ) will be a regular function in the r 2 — > limit, and hence can be expanded in 
Taylor series: 

c n f 2 , (3 2 = o(^) 

n=0 



y(f 2 ) = J2 c " f ^ 



(63) 
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In general, (3 2 can be different from a 2 . Thus, soft SUSY-breaking terms are given by 

m l - m l/2 (li + 0%)) , Aii-in. — 0{a 2 - P2) x rn 3 / 2 , ~ ^m 3/2 , (64) 

H ~ 0[a 2 - fo) x zm 3/2 , Bp ~ 0(/3 2 ) x m^. (65) 

Here the first term in the scalar mass is the D-term contribution from Vu{\y- A^mf = 
-qig 2 A D u{1) , where q { is U(l) charge. 

As mentioned above, in order to avoid the moduli problem, we will consider heavy soft 
masses by taking V = C(10 7 ): 

m 3/2 ~ y ~ O(10 10 - 10 11 ) GeV > m soft ~ O(10 9 - 10 10 ) GeV, (66) 

m ^ ~ io g (vov'vv2 ~ 0(106 " lo7) GeV - (67) 

A. Dark radiation from the modulus decay 

Here we will consider the lightest modulus decay into hh, ZZ, WW and a±ai, where h 
is the light Higgs, Z and W here are the longitudinal modes corresponding to the NG ones 
also in the Higgs multiplets. Note that the decay into SUSY particles is kinematically 
forbidden because no-scale structure is assumed to be broken radiatively. Suppose that 
there is the GM-term for generating /i-term and then one finds that qn u + qu d — is 
required. In this the U(l) is assumed to be anomalous, one needs to introduce 

additional matter fields, which are vector-like under the MSSM gauge group and are chiral 
under the U(l). In addition, for all the MSSM scalar fields to be non-tachyonic at the 
cutoff scale, (/mssm = is required. 8 We will consider such a case later, introducing the 
QCD axion together with vector-like messengers charged under the U(l). 

Let us study the modulus decay, assuming that the energy density of the overall mod- 
ulus dominates the Universe. Similarly to the sequestered case, the modulus decays into 
a pair of given by ( 1461) . Through the GM-term, the modulus decays into 



This is not the case if one considers the Froggatt- Nielsen mechanism for explaining the flavor structure 
of the Yukawa coupling. 
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a pair of the light Higgs bosons as well as the longitudinal modes of Z and W bosons at 
a rate given by 9 

IWi ZZ, WW) ~ 8 P -J-, (68) 

where we have taken the decoupling limit, and tan denotes the ratio of the up-type and 
down-type Higgs boson VEVs. Note that the other heavy Higgs bosons are too heavy to 
be produced by the modulus decay. One might expect that the modulus can decay into 
the light Higgs through Bfi or fi terms, which seems to give a larger decay rate at first 
sight. However, the light Higgs boson mass is due to the cancellation between Bfi, fi and 
the scalar masses rn 2 Hu H , all of which are governed by the gravitino mass ~ 1/V. Thus 
the decay into hh via the mass term is suppressed by the light Higgs mass, and is therefore 
sub-dominant compared to the decay via the GM-term. Thus, the relevant decay modes 
are the decay into hh, longitudinal components of ZZ and WW through the GM-term, 
and that into two axions via the kinetic term. Summing up these contributions, one finds 
the total decay width of the modulus: 

IV ~ r(«tyi -> hh, ZZ, WW) + V{8<j> 1 -> 2a x ) (69) 
z 2 sin 2 2(3 + 1 



48tt ' 



(70) 



The branching fraction to the axions is given by 

1 

z 2 sin r 2/3 + 1 

and the decay temperature of the modulus is estimated as 

,2™2ofl L1\V2/ on \ 1/4 



B « - ^7-27^, (71) 



Thus, one obtains 



i 



43 / 10.75 V 

AiV off ~ - , 2 x — — . (73) 
7z 2 sm z 2/3 \g*(T d )J 



9 In the unitary gauge, the modulus decay into longitudinal Z and W is induced via the kinetic mixing 
with the light Higgs. 
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If we substitute z 2 = 3, tan/3 1, and g*(Td) = 80, we obtain AN e g ~ 1.0. Note 
that tan f3 should be close to 1 in order to explain the SM-like Higgs boson mass, rrih ~ 
125 GeV 0, loj]. One can easily read the relations among AN e s, Tj, z and for the 
non-sequestered model from Fig. [Qby noting that z non _ scq . sin 2/3 \/2z scq ,. Here z seq . 
represents z in Fig. [1] and z non - scq , is z in this section. Thus, z sin 2/3 « 2.1 ± 0.4 is 
necessary to realize AN e s ~ 1-0. Alternatively, as before, if there are additional Higgs 
bosons much lighter than the modulus, AiV c g- « 1 can be explained even for z — 1. 

Again, the decay of <5</>i — >■ 2A M (transverse) occurs through the conformal anomaly; 
the partial decay width is suppressed by the 1-loop factor. 



B. Dark matter: Introduction of the QCD axion 

In the present case, the reheating temperature by the modulus decay is much lower 
than the LSP mass, and therefore the thermal relic abundance of the LSPs is negligibly 
small. Also the modulus decay into the LSPs is kinematically forbidden. Thus, the LSP 
abundance is too small to explain the observed dark matter. 

There is another dark matter candidate, the QCD axion. Notice that the U(l) becomes 
an anomalous global symmetry in the low energy, because the gauge multiplet Vjj(i) is 
massive in this model although any usual chiral multiplet does not develop the VEVs. 
Thus, the global U(l) symmetry can be identified with the Peccei-Quinn (PQ) symmetry 
for solving strong CP problem. 



Let us include the QCD axion multiplet 
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60|: 



AK = Z x X^e 2qxVu ^X + Z Y Y^e 2qYVu ^Y + Z^V 9 *^ 1 ^ + ^ e 2q * Vu ^) (74) 

vk+2y 

AW = ^ + X^. (75) 

Here X becomes the QCD axion multiplet, ^ + is charged under C/(1)pq and the 
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vector-like messenger under the MSSM gauge group. Then effective potential is given by 



+ i\ X <\ 2k+A + ( k + 2) 2 |X c | 2fc+2 |F c | 2 ) . (76) 

Here X c = y/ZxX and Y c = \[ZyY are canonically normalized fields and M* = 
y/ZxM p \ ~ Mpi/V 1 / 3 , assuming Zx = Zy. We have neglected T3 dependence in the 
couplings in the scalar potential for simplicity. For m 2 x ~ ?x(«2/ ( 5gs) ?77 '3 / /2 < 0; the 
[/(1)pq symmetry breaking is driven by tachyonic X. Note that gauge invariance requires 
Qx{k + 2) + qy = and hence m Y is positive, however Y also acquires the VEV because 
of the Axy- Then the VEVs are found as 

/„ = (X c ) ~ (\m x \M^ ~ = O(10 13 ) GeV (for fc = 2), (77) 

(Y c > ~ —(X c ) < (X c ). (78) 

Tfly 

Here / is the decay constant of the QCD axion and recall that Axy is suppressed by 
the 1-loop effect. As a consequence of C/(1)pq breaking by X VEV, Arg(V) becomes the 
QCD axion, which is coupled to gluon after integrating out messenger 10 . \X C \ is so-called 
QCD saxion and is so heavy as the gravitino mass. Its lifetime is very short since the 
saxion rapidly decays into pair of the QCD axions: T ~ m^/ (647r/ 2 ) ~ M p i/V 5 ^ 3 ~ Oil) 
TeV. Thus the saxion is harmless in the cosmology. 
Since the abundance of the QCD axion is given by 



fa 



7/6 



a slight tuning (« 10%) of misalignment angle 9 gives the correct dark matter abundance. 
If we set the volume larger, the modulus decays after the QCD phase transition, diluting 
the QCD axion abundance. In this case, the tuning of 9 is relaxed, and the value of f a 



can be larger 61]. 



10 Note that one obtains F /X ~ Axy and F Y /Y ~ m^, 2 /AxY- Hence if the additional coupling of 
Y to messenger field ty' + W D Y^f'^f', the gauge mediation contribution to the soft masses would 
dominate over the moduli mediation in the visible sector: mo ~ A^....^ ~ M-y/2 ~ m 3 / 2 . 
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Lastly we note that the branching fraction of the QCD axions produced by the modulus 
decay is suppressed by f a /M p i or the axion mass. Hence the produced QCD axions can 
not become the main component of the dark radiation in this model. 



V. DISCUSSION AND CONCLUSIONS 

So far we have assumed that the lightest modulus dominates the energy density of the 
Universe before it decays. If the inflation scale is sufficiently low, the modulus abundance 
can be suppressed by (H^/m^) 4 [ljj], and it may not dominate the energy density of the 
Universe. The Universe is then reheated by the inflaton decay as usual. In this case, 
the approximate no-scale structure has an advantage such that the non-thermal gravitino 



production from the inflaton decay is suppressed 



3s 



The inflaton decay into the visible 



sector proceeds through the mixing with the modulus. For instance, it will decay into the 



SM gauge sector through the conformal anomaly [39|, |40 |. 

If both the inflation scale and the inflaton are sufficiently small compared to the mod- 
ulus mass, the coherent oscillations of the modulus may not be produced at all. For 
such low-scale inflation, the successful reheating may require the inflaton to have sizable 
couplings to the visible sector, for instance, the Higgs field associated with the U(1)b-l 



symmetry 



62] 



We have mainly focused on the dark radiation and dark matter in this paper, but 
successful cosmology requires the generation of the baryon asymmetry as well. Since the 
modulus decay produces a huge amount of entropy, any pre-existing baryon asymmetry is 
diluted. Therefore, an efficient baryogenesis is needed to account for the observed baryon 
asymmetry. In Ref. jl4j ]. the Affleck-Dine mechanism 63] was considered in detail, and it 



was shown that a right amount of the baryon asymmetry can be indeed created. 

We showed that the dark radiation is generated from the decay of the lightest mod- 
ulus in the LARGE volume scenario, studying both cases of sequestered LVS and non- 
sequestered one. In both models, natural and robust candidate of the dark radiation is 
the ultralight string theoretic axion, which is the superpartner of the lightest modulus. 
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This is because of the no-scale structure and a large VEV of the modulus. As a result, 
the abundance of axions from the modulus decay via the axion kinetic term competes 
nicely that of the Higgses produced by the decay via the GM-term, which is necessary for 
generating higgsino mass. According to LVS, the existence of the dark radiation is quite 
plausible outcome. 

Depending on the model in string theories, additional ultralight fields may appear. 
For instance, with respect to the moduli stabilization or an uplifting potential via gaug- 
ino condensations, a hidden sector with matter would be also available (by adding the 
closed/gauge fluxes to the bulk/brane even if the cycle is not rigid one). For such a 
case, ultralight NG fields might appear by the breakdown of (approximate) chiral global 
symmetries which are an U(l) or SU(Nfi avOT ). This will be also the case for the uplifting 
potential originating from a dynamical SUSY-breaking sector where such global symme- 
tries are broken down without any generation of gaugino condensations, like in the ISS 



model 



64| . In these cases, such massless modes would be also candidates of dark radiation 



from the lightest modulus decay since the decay fraction of the lightest modulus into the 



NG modes can be comparable to the main decay mode in Eq. (|48|) 53]. Perhaps, their 
superpartners could become a component of the dark matter candidate since they would 
also acquire TeV scale SUSY-breaking soft masses. 

Further model-dependent study of dark radiation will be significant for viable cosmol- 
ogy derived from string theories. 

Note added: 

While discussing on the dark radiation in the LVS, we were told from Joe Conlon that 



he and his collaborators were working on the closely related topics 



65] 
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Appendix A: Derivation of AiV e g 

In this Appendix we express AN c s in terms of the branching fraction of the axion 
production (B a ) and the relativistic degrees of freedom at the modulus decay (g*(Td)). 

The effective number of neutrinos N c q is equal to 3 in the standard cosmology 11 . If 
there are additional relativistic degrees freedom, it is customary to quantify its energy 
density in the unit of one neutrino species (e.g., v e + u e ) when the neutrinos decouple 
from plasma, i.e., at T ~ a few MeV. That is, AN e ff is defined as follows. 



AA cff = e™ 



(Al) 

P u ^ v decouple 

where p v \ represents the energy density of one neutrino species, and pdr denotes the dark 
radiation energy density. 

Let us assume that the modulus dominates the energy density of the Universe and 
decays into massless axions and the SM particles with the decay temperature T^. Let 
g*(Td) be the effective light degrees of freedom at T = T^. The energy density of non- 
thermalized axions and thermalized radiation evolves as 

Pa (t) oc a~\t) (A2) 
Psuit) oc g^{t)a-\t) (A3) 



11 Here we do not take account of the electron positron annihilation. This is valid when one estimates 
the 4 He abundance, while it should be taken into account (although the difference is well below the 
current sensitivity) when one discusses the effect on CMB. 
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where a(t) denotes the scale factor. Note that it is the entropy in the comoving volume, 
~ a(t) 3 g*(T)T 3 , that is conserved when the number of light degrees of freedom changes. 
Thus, the ratio changes with time as 

i 

'g*( T i) 



Pa 



PSM 



T=Ti 



g*{T 2 



Pa 



PSM 



(A4) 



T=T 2 



We define B a as the branching fraction of the modulus into a pair of axions. Then the 
energy densities of the axion and the SM radiation at the decay is 



Pa 



PSM 



B a 



T=T d 



B n 



(A5) 



as long as the pair production is the dominant production process of the axions. 
Let us now derive the expression for AN e ff as follows. 



Aiv cff = fa- 

Pul 

43 

~ y 

43 



PSM 



v decouple 

10.75 



Pv\ 



Pa 



v decouple PSM 



v decouple 



X 



X 



g*(T d ) 

10.75 

9*(Td) 



Pa 



PSM 

B n 



T=T d 



1 - B n 



(A6) 
(A7) 
(A8) 



For instance, if we substitute B a = 0.25 and g* = 80, we obtain AN c g m 1.05. 
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